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K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Genik  idèa

Sth melèth fusik¸n problhm�twn me DE eÐnai pollèc forèc
anagkaÐa h qr sh metasqhmatism¸n me oloklhr¸mata.

'Enac oloklhrwtikìc metasqhmatismìc apeikonÐzei:

I Mia sun�rthsh f (x), x ∈ [a, b] sth sun�rthsh

g(k) = T [f (x)] =
∫ b

a
dx T (k, x)f (x) , (1)

ìpou T (k , x) o pur nac tou metasqhmatismoÔ.

I Efarmìzontac ton metasqhmatismì se mia DE brÐskoume:
I Αν η αρχική ΔΕ είναι γραμμική και περιέχει συνήθεις

παραγώγους, μια αλγεβρική εξίσωση.

I Αν η αρχική ΔΕ είναι γραμμική και περιέχει μερικές

παραγώγους, μια ΔΕ με, μερικές γενικά, παραγώγους

εκτός από αυτές ως προς x .
I Αν η αρχική ΔΕ είναι μη γραμμική μια ολοκληροδιαφορική

εξίσωση.
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I Efarmìsoume ton metasqhmatismì stic oriakèc kai
sunoriakèc sunj kec tou arqikoÔ probl matoc gia thn
f (x) ¸ste na èqoume antÐstoiqec sunj kec gia thn g(k).

I ProspajoÔme na broÔme ton antÐstrofo metasqhmatismì

f (x) = T−1[g [k ]] . (2)

Autì mporeÐ na eÐnai exairetik� dÔskolo prìblhma.
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Metasqhmatismìc Laplace
Gia mia sun�rthsh f (x) me x > 0 h opoÐa den apoklÐnei
ekjetik� gia x → ∞, o metasqhmatismìc Laplace orÐzetai wc

L[f (x)] = F (s) =
∫ ∞

0
dx e−sx f (x) , s > 0 . (3)

Oi parak�tw idiìthtec eÐnai idiaÐtera qr simec:

I O metasqhmatismìc eÐnai grammikìc:

L[f (x) + g(x)] = L[f (x)] + L[g(x)] . (4)

I MetasqhmatismoÐ parag¸gwn:

L[f ′(x)] = sF (s)− f (0) ,

L[f ′′(x)] = s2F (s)− sf (0)− f ′(0) . (5)

H apìdeixh gÐnetai me kat�llhlec oloklhr¸seic kat�
par�gontec ['Askhsh].
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I Pio genik� gia thn n-ost  par�gwgo

L[f (n)(x)] = snF (s)−
n

∑
m=1

sn−mf (m−1)(0) , (6)

h opoÐa apodeiknÔetai eÔkola me th mèjodo thc epagwg c.

I Metatìpish axìnwn

L[f (x − a)] = e−axL[f (x)] , a > 0 (7)

kai

L[f (x + a)] = eax
(
L[f (x)]−

∫ a

0
dxf (x)e−ax

)
, a > 0 . (8)

Prosèxte th diafor� metaxÔ twn ekfr�sewn gia
L[f (x ± a)]. OfeÐletai sto gegonìc ìti f (x) = 0 gia x < 0.

I Metasqhmatismìc oloklhr¸matoc ['Askhsh]

L
[∫ x

0
dt f (t)

]
=

F (s)
s

. (9)

5



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

I Metasqhmatismìc periodik c sun�rthshc f (x) = f (x + T )

L[f (x)] =
1

1− e−Ts

∫ T

0
dx e−sx f (x) . (10)

Apìdeixh: Ap' ton orismì

L[f (x)] =
∫ ∞

0
dx e−sx f (x) =

∞

∑
n=0

∫ (n+1)T

nT
dx e−sx f (x)

=
∞

∑
n=0

∫ T

0
dy e−s(y+nT )f (y + nT )

=

(
∞

∑
n=0

e−nTs

) ∫ T

0
dy e−sy f (y) ,

ìpou èjesa x = y + nT . H �jroish eÐnai aut c
gewmetrik c proìdou kai odhgeÐ sto apotèlesma.
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Oriak  sumperifor�

Qrhsimopoi¸ntac ton orismì brÐskoume ìti:

I Mikrèc timèc tou x antistoiqoÔn se meg�lec timèc tou s.
Pr�gmati me olokl rwsh kat� par�gontec

F (s) =
∫ ∞

0
dx e−sx f (x) =

f (0)
s

+
1
s

∫ ∞

0
dx e−sx f ′(x) .

'Ara èqoume ìti

F (s) = f (0)/s +O(1/s2) . (11)

Piì genik�

F (s) = f (n)(0)/sn+1 +O(1/sn+2) , (12)

ìpou f (n)(0) h pr¸th mh mhdenik  pollapl  par�gwgoc.
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I Meg�lec timèc tou x antistoiqoÔn se mikrèc timèc tou s an
to ìrio lim

x→∞
f (x) up�rqei kai eÐnai mh mhdenikì.

Ap' ton orismì

F (s) =
1
s

∫ ∞

0
dy e−y f (y/s) ,

ap' ìpou an f (y/s) = f (∞) +O(s), èqoume

F (s) = f (∞)/s +O(1) . (13)

I An to ìrio lim
x→∞

f (x) den up�rqei (p.q. an èqoume

trigwnometrikèc sunart seic) èqoume ap' thn an�ptuxh se
seir�

F (s) =
∞

∑
n=0

(∫ ∞

0
dx (−1)nxnf (x)

)
sn

=
∫ ∞

0
dx f (x)− s

∫ ∞

0
dx xf (x) +O(s2) . (14)
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I An èqoume th sumperifor�

f (x) ' A xa , a > 0 x � 1 , (15)

èqoume

F (s) ' A
sa+1

∫ ∞

0
dy yae−y = Γ(a + 1)

A
sa+1 , όταν s → 0 .

(16)

I An èqoume th sumperifor�

f (x) ' ∑
i

Ai xai e−bix , ai , bi > 0 x � 1 , (17)

èqoume

F (s) ' ∑
i

Ai
sai+1

∫ ∞

0
dy yai e−(1+bi /s)y

= ∑
i

Γ(ai + 1)
Ai

bai+1
i

, όταν s → 0 . (18)

I ΄Ολοι οι εκθετικοί όροι συνεισφέρουν.

I Το όριο bi → 0 δεν είναι αναλυτικό.
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AntÐstrofoc metasqhmatismìc Laplace
O antÐstrofoc metasqhmatismìc Laplace orÐzetai wc

f (x) =
1

2πi

∫ c+i∞

c−i∞
ds esxF (s) , (19)

ìpou c > 0 eklègetai ètsi ¸ste ìloi oi pìloi thc F (s) na
keÐtontai st' arister� thc eujeÐac s = c ìpwc sto sq ma.

Re s

Im s

c

.
.

.

z1z2

z1

z1z3

O

.z1z4

Σχήμα: Δρόμος για τον αντίστροφο μετασχηματισμό Laplace. Εκτός
από τους πόλους μπορεί αν υπάρχουν και σημεία διακλάδωσης.
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I KleÐnoume thn eujeÐa me èna hmikÔklio proc t' arister� thc
sqhmatÐzontac kleist  kampÔlh C .

I Epeid  x > 0, h suneisfor� tou hmikuklÐou eÐnai mhdenik 
kai telik�

f (x) =
1

2πi

∫ c+i∞

c−i∞
ds esxF (s) =

n

∑
k=1

Rk . (20)

I To telikì apotèlesma eÐnai anex�rthto thc eklog c thc
stajer�c c .

Je¸rhma Sunèlixhc: 'Estw ìti

L[g(x)] = L[f1(x)]L[f2(x)] . (21)

Tìte h sun�rthsh g(x) brÐsketai ap' to olokl rwma

g(x) =
∫ x

0
dt f1(t)f2(x − t) . (22)

To je¸rhma autì qrhsimopoieÐtai suqnìtata sthn eÔresh tou
antÐstrofou metasqhmatismoÔ Laplace.
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ParadeÐgmata 1o: Upologismìc antistrìfou metasqhmatismoÔ

UpologÐste ton antÐstrofo metasqhmatismì Laplace

f (t) = L−1F (s) , F (s) =
s

(s2 + a2)(s2 + b2)
, a, b ∈ R . (23)

LÔsh:
1oc trìpoc: Me qr sh tou jewr matoc sunèlixhc èqoume

f (t) =
∫ t

0
dz F1(t − z)F2(z) ,

ìpou

F1(t) = L−1
(

s
s2 + a2

)
= cos at ,

F2(t) = L−1
(

1
s2 + b2

)
=

1
b

sin bt .
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'Ara èqoume ìti

f (t) =
1
b

∫ t

0
dz cos a(t − z) sin bz =

cos bt − cos at
a2 − b2 , αν a2 6= b2 ,

(24)

kai

f (t) =
1
b

∫ t

0
dz cos b(t − z) sin bz =

t sin bt
2b

, αν a2 = b2 . (25)

To Ðdio apotèlesma paÐrnoume sto ìrio b → a thc (24).

ParathreÐste ìti:

I Gia s � 1, F (s) ' 1/s3 to opoÐo eÐnai sumbatì me to
gegonìc ìti f ′′(0) = 1.

I Gia s � 1, F (s) = O(s).
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2oc trìpoc: Me apeujeÐac upologismì tou oloklhr¸matoc (19)
pou orÐzei ton antÐstrofo metasqhmatismì Laplace.

I 'Eqoume aploÔc pìlouc sta shmeÐa s = ±ia kai s = ±ib,
ektìc an a = b, opìte èqoume dÔo diploÔc pìlouc sta
shmeÐa s = ±ib.

I Epilègoume th stajer� c > 0. Gia t > 0 mporoÔme na
kleÐsoume to perÐgramma proc t' arister� thc eujeÐac
s = c .
Tìte ta apotèlesmata (24) kai (25) èpontai.

I Wc ['Askhsh] sumplhr¸ste ìla ta b mata thc lÔshc.
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ParadeÐgmata 2o: EpÐlush sust matoc DE

EpilÔste to sÔsthma DE

ẋ + x + y = f (t) ,

ẏ − 3x + 5y = 0 ,

me arqikèc sunj kec x = y = 0 sto t = 0, ìpou

f (t) =
{

0 t < 0 ,
e−t t > 0 .

LÔsh: PaÐrnontac to metasqhmatismì Laplace kai
qrhsimopoi¸ntac ìti∫ ∞

0
dt e−st f (t) =

e−s

s + 1

kaj¸c kai to metasqhmatismì Laplace parag¸gou èqoume

sL(x) + L(x) + L(y) =
e−s

s + 1
,

sL(y)− 3L(x) + 5L(y) = 0 .
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BrÐskoume ètsi ìti

L(x) =
e−s (s + 5)

8 + 14s + 7s2 + s3 =
e−s

6

(
1

s + 4
− 9

s + 2
+

8
s + 1

)
,

L(y) =
3e−s

8 + 14s + 7s2 + s3 =
e−s

2

(
1

s + 4
− 3

s + 2
+

2
s + 1

)
.

PaÐrnontac ton antÐstrofo metasqhmatismì Laplace

x(t) =
e−4t

6

(
1− 9e2t + 8e3t

)
Θ(t) ,

y(t) =
e−4t

2

(
1− 3e2t + 2e3t

)
Θ(t) .

I Oi parap�nw ekfr�seic eÐnai suneqeÐc sto t = 0. Den
sumbaÐnei to Ðdio gia tic par�gwgouc touc, diìti h f (t)
eÐnai asuneq c sto t = 0.

I MporoÔme na elènxoume ìti h asumptwtik  sumperifor�
sumpÐptei me ta genik� apotelèsmata thc jewrÐac.
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ParadeÐgmata 3o: ExÐswsh di�qushc

EpilÔste th monodi�stath exÐswsh di�qushc

∂2T
∂x2 =

∂T
∂t

, −∞ < x < ∞ , 0 6 t < ∞ . (26)

me arqik  sunj kh
T (x , 0) = δ(x) (27)

kai deÐxte ìti h lÔshc thc dÐnetai apì

T (x , t) =
1√
4πt

e−x2/(4t) . (28)

LÔsh: jewroÔme ton metasqhmatismì Laplace wc proc t thc
T (x , t)

F (x , s) =
∫ ∞

0
dt e−stT (x , t) . (29)
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Tìte h DE (26) kai h arqik  sunj kh (28) dÐnoun

∂2F (x , s)
∂x2 = sF (x , s)− δ(x) ,

thc opoÐac h lÔsh eÐnai

F (x , s) =
1

2
√

s
e−

√
s |x | .

Gia ton antÐstrofo metasqhmatismì Laplace èqoume

T (x , t) =
1

2πi

∫ c+i∞

c−i∞
ds estF (x , s) , (30)

ìpou c > 0 kai o drìmoc eÐnai ìpwc sto parak�tw sq ma.

Re s

Im s

c

O
A

B
-∞
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ThmeÐo s = 0 eÐnai shmeÐo diakl�dwshc. 'Eqoume

IAO + IOB + T (x , t) = 0 ,

ìpou

AO : s = ye iπ, IAO =
1

2πi

∫ 0

∞

−dy
2
√

y i
e−yt−i

√
y |x | ,

OB : s = ye−iπ, IOB =
1

2πi

∫ ∞

0

−dy
−2
√

y i
e−yt+i

√
y |x | .

'Ara èqoume

T (x , t) =
1

2π

∫ ∞

0
dy

e−yt
√

y
cos

√
y |x | ,

=
1
π

∫ ∞

0
dk e−k2t cos kx ,

ìpou jèsame y = k2. UpologÐzontac to teleutaÐo olokl rwma
['Askhsh] brÐskoume thn (28).
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Par�deigma 4o: Metasqhmatismìc Laplace eidik¸n sunart sewn
Ja upologÐsoume to metasqhmatismì Laplace twn sunart sewn
Bessel kai ja deÐxoume ìti

Fn(s) =
∫ ∞

0
dx Jn(x)e−sx (n = 0, 1, 2, . . . )

=
1√

s2 + 1 (
√

s2 + 1 + s)n
=

(
√

s2 + 1− s)n√
s2 + 1

. (31)

Ja qrhsimopoi soume thn oloklhrwtik  anapar�stash twn
sunart sewn Bessel

Jn(x) =
1

2π

∫ 2π

0
dφe−inφ+ix sin φ , n = 0, 1, . . .

'Eqoume ìti

F−n(s) =
1

2π

∫ 2π

0
dφ e inφ

∫ ∞

0
dx e−(s−i sin φ)x

=
1

2π

∫ 2π

0
dφ

e inφ

s − i sin φ
.
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All�zontac metablht  se z = e iφ èqoume

F−n(s) =
i
π

∮
C

dz
zn

z2 − 2sz − 1
,

ìpou C o monadiaÐoc kÔkloc. Up�rqoun dÔo aploÐ pìloi
z± = s ±

√
s2 + 1, me z+z− = −1. Mìno o z− eÐnai entìc tou C .

Ektel¸ntac to olokl rwma

F−n(s) =
zn
−√

s2 + 1
.

Me qr sh thc J−n(x) = (−1)nJn(x) kai thc z+z− = −1
brÐskoume thn (31).

I Shmei¸nw ìti

Fn(s) ' 1
2nsn+1 , s � 1 .

Autì eÐnai sumbatì me th genik  jewrÐa lìgw thc sqèshc

J (n)
n (0) = 2−n.

I O upologismìc ègine gia F−n(s) gia na apofÔgoume ton
n-ost c t�xewc pìlo sto z = 0.
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Metasqhmatismìc me seir� Fourier
'Estw mia, en gènei migadik , sun�rthsh f (x) me perÐodo L. H
an�ptux  thc se seir� Fourier eÐnai

f (x) =
∞

∑
n=−∞

an e2πinx/L . (32)

Profan¸c isqÔei ìti f (x + L) = f (x). Oi suntelestèc eÐnai

an =
1
L

∫ L/2

−L/2
dx f (x)e−2πinx/L , (33)

ìpou qrhsimopoÐhsa ìti: 1
2π

∫ π
−π dφ e i(n−m)φ = δn,m, gia

n, m ∈ Z.
Je¸rhma tou Parceval: To akìloujo je¸rhma isqÔei

1
L

∫ L/2

−L/2
dx |f (x)|2 =

∞

∑
n,m=−∞

∫ L/2

−L/2
dx ana∗me2πi(n−m)x/L

=
∞

∑
n,m=−∞

ana∗mδn,m =
∞

∑
n=−∞

|an|2 . (34)
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Metasqhmatismìc me olokl rwma Fourier
H an�ptuxh miac migadik c sun�rthshc f (x) se olokl rwma
Fourier dÐnetai ap' tic prohgoÔmenec sqèseic sto ìrio L → ∞.
H metatrop  ap' to diakritì sto suneqèc gÐnetai wc ex c:

2π
n
L

= k , Lan = a(k) ,
∞

∑
n=−∞

→
∫ ∞

−∞
dn =

L
2π

∫ ∞

−∞
dk .

H an�ptux  thc se olokl rwma Fourier eÐnai

f (x) =
1

2π

∫ ∞

−∞
dk a(k) e ikx .

Oi suntelestèc thc an�ptuxhc dÐnontai apì

a(k) = F [f (x)] =
∫ ∞

−∞
dx f (x)e−ikx .

Parat rhsh: Oi suntelestèc 1 kai 1/(2π) stic parap�nw
sqèseic eÐnai wc èna bajmì aujaÐretoi. MporoÔn na
antikatastajoÔn me opoisd pote stajerèc me ginìmeno 1/(2π).
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Je¸rhma tou Parceval: 'Eqoume∫ ∞

−∞
dx |f (x)|2 =

1
(2π)2

∫ ∞

−∞
dx
∫ ∞

−∞
dk
∫ ∞

−∞
dk ′a(k)a∗(k ′)e i(k−k ′)x

=
1

2π

∫ ∞

−∞
dk
∫ ∞

−∞
dk ′a(k)a∗(k ′)δ(k − k ′)

=
1

2π

∫ ∞

−∞
dk |a(k)|2 .

Sqìlia:

I Sthn tautìthta Parceval oi diaforetikèc suqnot tec den
anamignÔontai metaxÔ touc, tìso sthn diakrit  ìso kai
sth suneq  perÐptwsh.

I An to x parist�nei m koc tìte k eÐnai to kumat�nusma.

I An to x parist�nei qrìno tìte k eÐnai h suqnìthta kai ta
sÔmbola x , k antikajÐstantai me ta t kai ω, antistoÐqwc.

I H tautìthta Parceval faner¸nei ìti o metasqhmatismìc
Fourier eÐnai mia monadiaÐa apeikìnish metaxÔ
oloklhr¸simwn sunart sewn L2(R) → L2(R).
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Probl mata aktinobolÐac:

I H sun�rthsh f (t) sqetÐzetai me to di�nusma Poynting kai
thn aktinoboloÔmenh Hlektromagnhtik  enèrgeia.

I Tìte, |f (t)|2dt eÐnai h aktinoboloÔmenh enèrgeia sto
qronikì di�sthma apì t èwc t + dt, en¸ |a(ω)|2dω eÐnai
aktinoboloÔmenh enèrgeia sto di�sthma suqnot twn apì ω
èwc ω + dω.

I H tautìthta tou Parceval ekfr�zei th fusik  apaÐthsh ìti
h sunolik  aktinoboloÔmenh enèrgeia eÐnai h Ðdia me ìpoio
trìpo kai an upologisjeÐ.
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Oi parak�tw idiìthtec eÐnai idiaÐtera qr simec:

I O metasqhmatismìc eÐnai grammikìc:

F [f (x) + g(x)] = F [f (x)] +F [g(x)] . (35)

I Gia metasqhmatismoÔc parag¸gwn, upojètontac ìti h f (x)
kai oi par�gwgoÐ thc mhdenÐzontai gia x → ±∞, èqoume

F [f (n)(x)] = (ik)nF [f (x)] = (ik)na(k) , (36)

me allep�llhlec oloklhr¸seic kat� par�gontec.

I Gia metasqhmatismoÔc oloklhrwm�twn èqoume

F
[∫

dxf (x)
]

=
F [f (x)]

ik
+ Cδ(k) , (37)

ìpou C aujaÐreth stajer�. Aut  sundèetai me thn
aujairesÐa wc proc mia prosjetik  stajer� tou
oloklhr¸matoc

∫
dxf (x).
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I Metatìpish axìnwn

L[f (x + a)] = e iakL[f (x)] . (38)

I GenÐkeush se pollèc diast�seic

f (x) =
1

(2π)n

∫
Rn

dnk a(k) e ik·x . (39)

Oi suntelestèc thc an�ptuxhc dÐnontai apì

a(k) =
∫

Rn
dnx f (x)e−ik·x . (40)
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H sunèlixh dÔo sunart sewn f1,2(x) orÐzetai wc

g(x) =
∫ ∞

−∞
dt f1(t)f2(x − t) . (41)

O metasqhmatismìc Fourier thc eÐnai

F [g(x)] = F [f1(x)]F [f2(x)] . (42)

Apìdeixh: 'Eqoume

F [g(x)] =
∫ ∞

−∞
dx e−ikx

[∫ ∞

−∞
dt f1(t)f2(x − t)

]
=

∫ ∞

−∞

∫ ∞

−∞
dxdt e−ikx f1(t)f2(x − t)

=
∫ ∞

−∞

∫ ∞

−∞
dxdt e−ik(x−t)e−ikt f1(t)f2(x − t)

=
∫ ∞

−∞

∫ ∞

−∞
dx ′dt e−ikx ′e−ikt f1(t)f2(x ′)

=
[∫ ∞

−∞
dx ′ e−ikx ′ f2(x ′)

] [∫ ∞

−∞
dt e−ikt f1(t)

]
= F [f1(x)]F [f2(x)]
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Fusik  shmasÐa twn pìlwn

'Estw ìti h a(ω) èqei pìlo pr¸thc t�xhc kai sumperifèretai wc

a(ω) ' b
ω−ω0 − i/τ

, ω0, (τ > 0) , καθώς ω → ω0 + i/τ .

EpÐshc upojètoume ìti o suntelest c |b| eÐnai tìso meg�loc
¸ste praktik� h a(ω) dÐnetai ap' thn parap�nw èkfrash
pantoÔ. PaÐrnontac ton antÐstrofo metasqhmatismì Fourier

f (t) ' b
2π

∫ ∞

−∞
dω

e iωt

ω−ω0 − i/τ
= ibe−t/τ+iω0tΘ(t) ,

ìpou Θ(t) = 1(−1) gia t > 0 (t < 0) h sun�rthsh b matoc.
Apìdeixh: jewroÔme to olokl rwma sto migadikì epÐpedo:

I Gia t > 0 jewroÔme hmikÔklio me Im(ω) > 0, pou perièqei
ton pìlo sto ω = ω0 + i/τ, �ra to olokl rwma eÐnai 6= 0.

I Gia t < 0 jewroÔme hmikÔklio me Im(ω) < 0 ìpou h
sun�rthsh eÐnai analutik , �ra to olokl rwma eÐnai = 0.
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SumperaÐnoume ta ex c genik�:

I To pragmatikì mèroc enìc pìlou ω0, antistoiqeÐ sth
suqnìthta tal�ntwshc.

I To fantastikì mèroc enìc pìlou 1/τ, antistoiqeÐ sth
stajer� qrìnou me thn opoÐa mei¸netai to pl�toc thc.

I Gia to pl�toc isqÔei h sqèsh

|a(ω0 ± 1/τ)|2 =
|a(ω0)|2

2
, (43)

�ra to eÔroc tou pl�touc eÐnai ∆ω ∼ 1/τ. To qronikì
di�sthma kat� to opoÐo to pl�toc tal�ntwshc eÐnai kont�
sto mègistì tou eÐnai ∆t ∼ τ. Blèpoume loipìn ìti

∆ω∆t ∼ 1 . (44)

Sqèsh me arq  aprosdioristÐac tou Heisenberg sthn
Kbantik  Mhqanik .
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To je¸rhma twn Riemann–Lebesgue kai h fusik  tou shmasÐa

Up�rqei mia sqèsh antistrof c metaxÔ twn rujm¸n me tic
opoÐec mia sun�rthsh kai o metasqhmatismìc Fourier aut c
sb noun sto �peiro.

Fusik  diaÐsjhsh/epiqeir mata

I 'Oso pio gr gora mia sun�rthsh mhdenÐzetai sto �peiro:

I τόσο πιο πολλούς τρόπους ταλάντωσης υψηλών συχνοτήτων

περιέχει,

I τόσο πιο αργά μηδενίζεται ο μετασχηματισμός Fourier
αυτής στο άπειρο.

I AntÐstrofa ìso pio omal  eÐnai mia sun�rthsh:
I τόσο πιο λίγους τρόπους ταλάντωσης υψηλών συχνοτήτων

περιέχει,

I ο μετασχηματισμός Fourier αυτής σβήνει γρήγορα στο
άπειρο.
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Je¸rhma twn Riemann–Lebesgue: An mia sun�rthsh f (x) eÐnai
oloklhr¸simh, dhlad  f (x) ∈ L2(R) kai p�ei sto �peiro
arket� gr gora ¸ste

‖ f ‖1=
∫ ∞

−∞
dx |f (x)| < ∞ (45)

tìte o metasqhmatismìc Fourier

a(k) =
∫ ∞

−∞
dx f (x)e−ikx . (46)

up�rqei, eÐnai suneq c sun�rthsh tou k kai |a(k)| 6‖ f ‖1.
Tìte sÔmfwna me to je¸rhma

lim
k→∞

a(k) = 0 . (47)

I To je¸rhma apoteleÐ thn majhmatik  èkfrash twn
prohgoÔmenwn fusik¸n epiqeirhm�twn.
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H shmasÐa twn proôpojèsewn gia na isqÔei to je¸rhma
ektim�te me ta akìlouja antiparadeÐgmata:

I An
f (x) = δ(x) =⇒ a(k) = 1 ,

pou den p�ei sto mhdèn gia k → ∞. O lìgoc eÐnai ìti h
δ-sun�rthsh den eÐnai oloklhr¸simh, dhlad  δ(x) /∈ L2(R).

I An

f (x) = sin(x2) =⇒ a(k) =
√

π

2

[
cos
(

k2

4

)
+ sin

(
k2

4

)]
.

'Ara lim
k→∞

a(k) 6= 0. O lìgoc eÐnai ìti to olokl rwma∫ ∞

−∞
| sin(x2)| den sugklÐnei.
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Par�deigma 1o

UpologÐste to metasqhmatismì Fourier thc

f (x) =
{

1−
∣∣ x
2
∣∣ , |x | < 2

0 , |x | > 2

}
.

En suneqeÐa, qrhsimopoi¸ntac to je¸rhma tou Parseval,
upologÐste to olokl rwma

J =
∫ ∞

−∞
dy

sin4 y
y4 .

LÔsh:
Apì ton orismì tou metasqhmatismoÔ Fourier

a(k) =
∫ ∞

−∞
f (x)e ikxdx =

∫ 2

−2

(
1−

∣∣∣x
2

∣∣∣) e ikxdx

= 2
sin2 k
k2 .
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SÔmfwna me to je¸rhma tou Parseval ja isqÔei∫ ∞

−∞
dx |f (x)|2 =

1
2π

∫ ∞

−∞
dk |a(k)|2 =

2
π

∫ ∞

−∞
dk

sin4 k
k4 =

2
π

J .

To aristerì mèloc eÐnai∫ 2

−2
dx
(
1−

∣∣∣x
2

∣∣∣)2
dx =

4
3

.

'Ara to zhtoÔmeno olokl rwma eÐnai

J =
∫ ∞

−∞
dy

sin4 y
y4 =

2π

3
.

35



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Par�deigma 2o: ExÐswsh di�qushc

EpilÔste th monodi�stath exÐswsh di�qushc

∂2T
∂x2 =

∂T
∂t

, −∞ < x < ∞ , 0 6 t < ∞ . (48)

me arqik  sunj kh
T (x , 0) = δ(x) (49)

kai deÐxte ìti h lÔshc thc dÐnetai apì

T (x , t) =
1√
4πt

e−x2/(4t) . (50)

LÔsh: jewroÔme ton metasqhmatismì Fourier wc proc x thc
T (x , t)

Fk (t) =
∫ ∞

−∞
dx e ikxT (x , t) .

Ap' thn arqik  sunj kh (49) èqoume ìti Fk(0) = 1.
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Antikajist¸ntac sthn DE (48) èqoume

−k2Fk (t) =
dFk (t)

dt
=⇒ Fk (t) = e−k2t .

PaÐrnontac ton antÐstrofo metasqhmatismì

T (x , t) =
1

2π

∫ ∞

−∞
dk e−k2t−ikx =

1
π

∫ ∞

0
dk e−k2t cos kx .

UpologÐzontac to teleutaÐo olokl rwma apodeiknÔetai h (50).

SÔgkrish oloklhrwtik¸n metasqhmatism¸n: H epÐlush tou
probl matoc me metasqhmatismì Fourier eÐnai eukolìterh ap'
ìti me metasqhmatismì Laplace.
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Par�deigma 3o: metasqhmatismì Fourier eidik¸n sunart sewn
Ja upologÐsoume to metasqhmatismì Fourier sunart sewn
Bessel kai ja deÐxoume ìti∫ ∞

−∞
dx e ikxJn(x) =

2e inπ/2
√

1− k2
cos nθ0 =

2e inπ/2
√

1− k2
Tn(k) , |k | < 1

= 0 , |k | > 1 , (51)

ìpou Tn(k) eÐnai ta polu¸numa Chebyshev 1ou eÐdouc kai

θ0 = cos−1 k , θ0 ∈ [0, π] .

PaÐrnontac to pragmatikì kai fantastikì mèroc kai
lamb�nontac upìyin ìti Jn(−x) = (−1)nJn(x), èqoume ìti∫ ∞

0
dx cos kx J2n(x) = (−1)n

cos 2nθ0√
1− k2

= (−1)n
T2n(k)√
1− k2

,∫ ∞

0
dx sin kx J2n+1(x) = (−1)n

cos(2n + 1)θ0√
1− k2

= (−1)n
T2n+1(k)√

1− k2
,

gia |k | < 1 kai mhdèn gia |k | > 1.
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Apìdeixh: QrhsimopoioÔme thn oloklhrwtik  anapar�stash
twn sunart sewn Bessel

Jn(x) =
1

2π

∫ 2π

0
dφ e−inφ+ix sin φ , n = 0, 1, . . . .

JewroÔme to olokl rwma∫ ∞

−∞
dx e ikxJn(x) =

1
2π

∫ 2π

0
dφe−inφ

∫ ∞

−∞
dx e ix(k+sin φ)

=
∫ 2π

0
dφ e−inφ δ(k + sin φ) . (52)

To teleutaÐo olokl rwma eÐnai mh mhdenikì mìno ean |k | < 1
kai to ìrisma thc δ-sun�rthshc mporeÐ na mhdenisjeÐ. 'Eqoume
ìti

k + sin φ = 0 =⇒ φ = θ0 −
π

2
ή φ = −θ0 −

π

2
.

Ap' tic idiìthtec thc δ-sun�rthshc

δ(k + sin φ) =
1

sin θ0
[δ(φ + π/2− θ0) + δ(φ + π/2 + θ0)] .

Antikajist¸ntac kai qrhsimopoi¸ntac ìti sin θ0 =
√

1− k2,
brÐskoume thn (51).
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Metasqhmatismìc Hankel
O metasqhmatismìc autìc sundèetai me ton di-di�stato
metasqhmatismì Fourier kai orÐzetai wc ex c:

gn(k) =
∫ ∞

0
dρ ρJn(kρ)f (ρ) , (53)

ìpou Jn(x) h sun�rthsh Bessel t�xhc n.
O antÐstrofoc metasqhmatismìc èqei parìmoia morf 

f (ρ) =
∫ ∞

0
dk kJn(kρ)gn(k) . (54)
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ParadeÐgmata metasqhmatism¸n Hankel

f (ρ) g0(k)
1
ρ

1
k

e−aρ2 1
2a e−

k2
4a

e−aρ a
(k2+a2)3/2

(ρ2 + a2)−1/2 1
k e−ak

(ρ2 + a2)−1 K0(ak)
cos(aρ2) 1

2a sin
(

k2

4a

)
sin(aρ2) 1

2a cos
(

k2

4a

)
Tèloc shmei¸nw ìti

f (ρ) = Jn(k ′ρ) =⇒ gn(k) =
δ(k − k ′)

k
, (55)

ap' thn orjogwniìthta twn sunart sewn Bessel.
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Metasqhmatismìc Melin
O metasqhmatismìc autìc orÐzetai wc ex c:

φ(z) =
∫ ∞

0
dt tz−1f (t) , z ∈ C . (56)

O antÐstrofoc metasqhmatismìc dÐnetai apì to olokl rwma

f (t) =
1

2πi

∫ c+i∞

c−i∞
dz t−zφ(z) . (57)

I EÐnai apolÔtwc anagkaÐo na kajorÐzetai h perioq  sto
migadikì z-epÐpedo ìpou èqei ènnoia o metasqhmatismìc
kai o antÐstrofìc tou.

I QwrÐzoume to olokl rwma stic perioqèc t ∈ (0, 1) kai
t ∈ (1, ∞) kai all�zoume metablht  wc t = e∓s gia tic dÔo
peript¸seic antÐstoiqa. Tìte

φ(z) =
∫ ∞

0
ds e−zs f (e−s ) +

∫ ∞

0
ds ezs f (es ) . (58)

42



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

EÐnai profanèc ìti:

I Gia na sugklÐnoun ta dÔo oloklhr¸mata prèpei to z na
an nei se k�poia peperasmènh perioq  sto C pou
onom�zetai jemeli¸dhc.

I Sun jwc h perioq  aut  eÐnai mia z¸nh pou mporeÐ na
ekteÐnetai sto �peiro sth mia dieÔjunsh. Entìc thc z¸nhc
prèpei na epilègetai kai h stajer� c sthn (57), to de
apotèlesma eÐnai anex�rthto aut c.

I O metasqhmatismìc Melin eÐnai h sÔnjesh dÔo
metasqhmatism¸n Laplace apì dÔo diaforetikèc pleurèc.
Autì epib�llei kai thn Ôparxh thc jemeli¸douc perioq c.
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Par�deigma

JewreÐste th sun�rthsh f (t) = 1
1+t . Ja upologÐsoume to

olokl rwma

φ(z) =
∫ ∞

0
dt

tz−1

1 + t
, (59)

to opoÐo eÐnai profanèc ìti sugklÐnei sthn �peirh z¸nh sto
z-epÐpedo me 0 < Rez < 1 ìpwc aut  parist�netai parak�tw

Re z

Im z

10

Σχήμα: Θεμελιώδης ζώνη του μετασχηματισμού Mellin.
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LÔsh: JewroÔme to antÐstoiqo migadikì olokl rwma me
kampÔlh olokl rwshc
Kaj¸c h aktÐna R → ∞ kai o kÔkloc epekteÐnetai, h mình m 
mhdenik  suneisfor� eÐnai apì∫

CD
+
∫

AB
= φ(z)(1− e2πiz ) .

O mìnoc pìloc entìc thc kampÔlhc eÐnai sto z = e iπ. Opìte

φ(z)(1− e2πiz ) = 2πie iπ(z−1) =⇒ φ(z) =
π

sin πz
.
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O antÐstrofoc metasqhmatismìc: Ja epalhjeÔsoume
qrhsimopoi¸ntac thn (57) kai to apotèlesma gia thn φ(z) ìti
ìntwc katal goume sthn arqik  sun�rthsh f (t). 'Eqoume to
olokl rwma

f (t) =
1
2i

∫ c+i∞

c−i∞
dz

1
tz sin πz

.

Re z

Im z

10 .. . .. ... ..
T

C C1 2

c

iT

-T

-iT

Σχήμα: Δρόμοι ολοκλήρωσης για τον υπολογισμό του (57). Για t < 1
επιλέγεται ο C1, ενώ για t > 1 ο C2. Η σταθερά c ∈ (0, 1).
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Oi pìloi (aploÐ) eÐnai sta shmeÐa z = n, ìpou n ∈ Z me
oloklhrwtik� upìloipa

lim
z→n

z − n
2i

1
tz sin πz

=
(−1)n

2πi
t−n .

I PerÐptwsh me t < 1: JewroÔme thn kleist  kampÔlh
(sqedìn tetr�gwno) C1 stì ìrio T → ∞, h opoÐa perikleÐei
ìlouc touc pìlouc me n 6 0. Sthn p�nw kai k�tw orizìntia
gramm  èqoume z = x ± iT , antÐstoiqa, me x ∈ (−∞, c).
'Ara sto ìrio T → ∞ h upì olokl rwsh sun�rthsh eÐnai
an�logh sto t−xe−πT → 0, epeid  t < 1. Sthn par�llhlh
k�jeth gramm  z = −T + iy kai h upì olokl rwsh
sun�rthsh eÐnai an�logh tou tT e−π|y | → 0, epeid  t < 1.
'Ara, gia t < 1, èqoume

f (t) =
0

∑
n=−∞

(−1)nt−n =
1

1 + t
.
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I PerÐptwsh me t > 1: Se aut  thn perÐptwsh epilègoume
thn kampÔlh C2 kai parìmoia apodeiknÔetai ìti oi dÔo
orizìntioi (me x ∈ (c, ∞)) kai o ènac par�llhloc drìmoc
(me x = T ) den suneisfèroun sto ìrio T → ∞.
'Ara, gia t > 1, èqoume

f (t) = −
∞

∑
n=1

(−1)nt−n = − 1
1 + 1/t

+ 1 =
1

1 + t
,

ìpou to meÐon prìshmo eÐnai lìgw tou ìti ston drìmo C2 h
for� eÐnai antÐjeth.

H sunarthsiak  sqèsh gia thn f (t) eÐnai h Ðdia gia 0 6 t < ∞.
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Metasqhmatismìc Hilbert
'Estw f (z) mia analutik  sun�rthsh sto p�nw migadikì
epÐpedo (ìpou epÐshc lim|z |→∞ f (z) = 0) kai ston pragmatikì
�xona. Tìte an x0 ∈ R, èqoume ìti

f (x0) =
1

πi
P
∫ ∞

−∞
dx

f (x)
x − x0

, (60)

ìpou P eÐnai h kat� Cauchy kÔria tim  tou oloklhr¸matoc.

Orismìc: 'Estw to olokl rwma
∫ b
a dx F (x) kai èstw ìti

apoklÐnei lìgw thc sumperifor�c thc F (x) sto x = x0 ∈ (a, b).
An

P
∫ b

a
dx F (x) = lim

ε→0

(∫ x0−ε

a
dx F (x) +

∫ b

x0+ε
dx F (x)

)
, (61)

sugklÐnei, ja onom�zetai Cauchy kÔria tim  tou oloklhr¸matoc.
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Apìdeixh thc (60): jewroÔme to migadikì olokl rwma

J [f ] =
∮
C

dz
f (z)

z − x0
,

kai ton drìmo olokl rwshc ìpwc sto sq ma.

I Entìc thc C h f (z) eÐnai analutik , �ra J [f ] = 0.
I Epeid  lim|z |→∞ f (z) = 0, h suneisfor� tou hmikuklÐou eÐnai

mhdèn.

I Kat� m koc tou mikroÔ hmikuklÐou gÔrw ap' to z = x0,
èqoume z = x0 + ε e iφ, me φ ∈ [π, 0]. H suneisfor� tou sto
ìrio ε → 0 eÐnai −iπf (x0).

O R-R

R ∞

x0

50



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Sqèseic kai idiìthtec

An f (x) = u(x) + iv(x) tìte

u(x0) =
1
π

P
∫ ∞

−∞
dx

v(x)
x − x0

, (62)

kai

v(x0) = − 1
π

P
∫ ∞

−∞
dx

u(x)
x − x0

. (63)

I AutoÔ tou eÐdouc oi sqèseic onom�zontai sqèseic
diaspor�c.

I EÐnai metasqhmatismoÐ pou sundèoun to pragmatikì kai to
fantastikì mèroc miac migadik c sun�rthshc kai èqoun
thn onomasÐa metasqhmatismoÐ Hilbert.
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I An u(x) kai v(x) sqetÐzontai me metasqhmatismì Hilbert
èqoume ∫ ∞

−∞
dx u2(x) =

∫ ∞

−∞
dx v2(x) . (64)

pou eÐnai h tautìthta Parceval.
I An u(−x) = u(x) kai v(−x) = −v(x) oi (62) kai (63)

gr�fontai

u(x0) =
2
π

P
∫ ∞

0
dx

xv(x)
x2 − x2

0
(65)

kai

v(x0) = −2x0
π

P
∫ ∞

0
dx

u(x)
x2 − x2

0
. (66)

Autèc eÐnai sqèseic Kronig–Kramers.
I Ap' autèc eÔkola deÐqnoume tic asumptotikèc sqèseic

u(x0) ' − 2
πx2

0

∫ ∞

0
dx xv(x) , για x0 → ∞ (67)

kai

v(x0) '
2

πx0

∫ ∞

0
dx u(x) , για x0 → ∞ . (68)
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Efarmog  sthn di�dosh HM kum�twn
Me apl  efarmog  twn exis¸sewn Maxwell kai tou nìmou tou
Ohm mporeÐ na deiqjeÐ ìti se aporrofhtik� mèsa o deÐkthc
di�jlashc dÐnetai ap' th sqèsh

η2(ω) =
c2k2

ω2 = ε(ω) + i
4πσ(ω)

ω
, (69)

ìpou ε kai σ o deÐkthc dihlektrik c stajer�c kai h eidik 
agwgimìthta, antÐstoiqa. Epeid  genik� limω→∞ ε(ω) = 1
efarmìzoume tic sqèseic Kronig–Kramers gia th sun�rthsh

f (ω) = η2(ω)− 1 , (70)

gia thn opoÐa ìntwc limω→∞ f (ω) = 0. PaÐrnoume

Re(η2(ω0)− 1) =
2
π

P
∫ ∞

0
dω

ωIm(η2(ω)− 1)
ω2 −ω2

0
(71)

kai

Im(η2(ω0)− 1) = −2ω0
π

P
∫ ∞

0
dω

Re(η2(ω)− 1)
ω2 −ω2

0
. (72)
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'Ena fusikì epakìloujo aut¸n eÐnai ìti:

I An den èqoume optik  diaspor�, dhlad  an Re(η2) eÐnai
anex�rthto thc suqnìthtac, tìte den èqoume aporrìfhsh.
Pr�gmati ap' thn (72)

Im(η2(ω0)− 1) = − 1
2π

Re(η2(ω)− 1)

× P
∫ ∞

−∞
dω

(
1

ω−ω0
− 1

ω + ω0

)
= 0 . (73)

I Antistrìfwc an èqoume aporrìfhsh tìte ja èqoume kai
optik  diaspor�. Se aut n th perÐptwsh paÐrnoume thn
par�gwgo wc proc to ω0 thc (71) kai eÔkola blèpoume ìti
den eÐnai mhdèn.
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Par�deigma

JewroÔme th sun�rthsh

u(x) =
1

1 + x2 .

Upojètontac ìti apoteleÐ to pragmatikì mèroc thc
f (x) = u(x) + iv(x) èqoume ap' thn (63)

v(x0) = − 1
π

P
∫ ∞

−∞
dx

1
(x − x0)(1 + x2)

.

Me qr sh thc jewrÐac twn oloklhrwtik¸n upoloÐpwn kai tou
drìmou olokl rwshc sto parak�tw sq ma

O R-R

R ∞

i

x0
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èqoume

v(x0) +
i

1 + x2
0

=
1

x0 − i
=⇒ v(x) =

x
1 + x2 ,

ìpou o 2oc ìroc sto aristerì mèloc ofeÐletai sth suneisfor�
tou mikroÔ hmikuklÐou.

ParathreÐste ìti h sun�rthsh

f (z) = u(z) + iv(z) =
1 + iz
1 + z2 =

1
1− iz

,

eÐnai ìntwc analutik  sto p�nw migadikì epÐpedo (èqei pìlo
sto z = −i) kai teÐnei sto mhdèn gia z → ∞.
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Epan�jroish Poisson
Pollèc forèc to apotèlesma enìc upologismoÔ dÐnetai se morf 
apeirajroÐsmatoc mia akoloujÐac fn. Ac upojèsoume ìti aut 
exart�tai kai apì mia par�metro R sth morf  fn = f (nR).
An�loga me thn tim  tou R diakrÐnoume tic ex c peript¸seic:

I H tim  tou R eÐnai tètoia ¸ste h seir� den mporeÐ na
prosseggisjeÐ me merikoÔc ìrouc:

I είτε πρέπει να υπολογισθεί αναλυτικά

I είτε να προσεγγισθεί αριθμητικά.

I Gia mikrèc timèc tou R h seir� sugklÐnei gr gora:
I οι πρώτοι όροι της επαρκούν για μια πολύ καλή προσέγγιση.

I Gia meg�lec timèc tou R h sÔgklish eÐnai arg  kai
apaitoÔntai praktik� ìloi oi ìroi thc seir�c.
Se aut  thn perÐptwsh:

I είναι δυνατόν να επαναδιαταχθούν οι όροι της σειράς.

I Στη νέα σειρά που θα προκύψει, μερικοί όροι της να είναι

αρκετοί για μια πολύ καλή προσέγγιση της.
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Autì epitugq�netai me thn epan�jroish kat� Poisson

∞

∑
n=−∞

f (nR) =
1
R

∞

∑
m=−∞

f̃ (m/R) , (74)

ìpou f̃ (y) eÐnai o metasqhmatismìc Fourier

f̃ (y) =
∫ ∞

−∞
dx e−2πixy f (x) . (75)

Apìdeixh: Xekin¸ntac apì to dexÐ mèloc èqoume

1
R

∞

∑
m=−∞

f̃ (m/R) =
1
R

∫ ∞

−∞
dx f (x)

∞

∑
n=−∞

e−2πimx/R

=
1
R

∫ ∞

−∞
dx f (x)

∞

∑
n=−∞

δ(x/R − n) =
∞

∑
n=−∞

f (nR) .

ìpou qrhsimopoÐhsa thn tautìthta

∞

∑
m=−∞

e−2πimx/R =
∞

∑
n=−∞

δ(x/R − n) .
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Par�deigma

Wc gnwstìn h lÔsh thc monodi�stathc exÐswshc di�qushc

∂2T
∂x2 =

∂T
∂t

, −∞ < x < ∞ , 0 6 t < ∞ . (76)

me arqik  sunj kh T (x , 0) = δ(x), dÐnetai apì

T (x , t) =
1√
4πt

e−x2/(4t) . (77)

I Qrhsimopoi¸ntac th breÐte th lÔsh thc

1
R2

∂2T
∂φ2 =

∂T
∂t

, 0 6 φ < 2π , (78)

me arqik  sunj kh thn

T (φ, 0) = δ(φ)/R , (79)

h opoÐa shmaÐnei ìti h jermokrasÐa eÐnai arqik� mhdèn
ektìc apì èna shmeÐo ìpou eÐnai polÔ meg�lh.
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LÔsh: Gia na epilÔsoume to prìblhma:

I K�noume thn lÔsh (77) periodik  sto x me perÐodo 2πR .
AntikajistoÔme

x → R(φ + 2πn) , n ∈ Z (80)

kai ajroÐzoume wc proc ta n.
I To apotèlesma eÐnai

T (φ, t) =
1√
4πt

∞

∑
n=−∞

e−R2(φ−2πn)2/(4t) , 0 6 φ < 2π . (81)

I Gia R2 � t, mìno o ìroc me n = 0 suneisfèrei, all� kaj¸c
o qrìnoc pern� ìlo h suneisfor� perissìterwn ìrwn me
|n| = 1, 2, . . . , prèpei na lhfjeÐ upìyin.
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I Sthn kat�stash issoropÐac h jermokrasÐa eÐnai Ðdia se
ìla ta shmeÐa tou kÔklou kai ìloi oi ìroi tou
apeirajroÐsmatoc sthn (81) suneisfèroun to Ðdio. Tìte
èqoume thn prosèggish mèsw tou oloklhr¸matoc

T∞(φ) = T (φ, ∞) ' 1√
4πt

∫ ∞

−∞
dn e−R2(φ−2πn)2/(4t) .

Jètontac z = R(2πn− φ)/(2
√

t), dn =
√

t/πdz/R
èqoume

T∞(φ) =
1

2π3/2R

∫ ∞

−∞
dz e−z2

.

Qrhsimopoi¸ntac ìti∫ ∞

−∞
dz e−z2

=
√

π ,

brÐskoume thn jermokrasÐa issoropÐac

T∞(φ) =
1

2πR
. (82)
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Mia isodÔnamh lÔsh prokÔptei an lÔsoume to prìblhma me
qwrismì metablht¸n kai anazht soume periodik  lÔsh me th
swst  arqik  sunj kh:

I Gr�foume thn an�lush Fourier thc jermokrasÐac

T (φ, t) =
∞

∑
n=−∞

an(t)e inφ . (83)

I Οι συντελεστές ικανοποιούν τη ΔΕ

dan(t)
dt

= − n2

R2 an(t) , an(0) =
1

2πR
∀n ,

όπου επίσης αναγράψαμε την αρχική συνθήκη.

I Η τελευταία προπύπτει απ΄ την αναπαράσταση της

δ-συνάρτησης

δ(φ) =
1

2π

∞

∑
n=−∞

e inφ .

I Telik� brÐskoume ìti

T (φ, t) =
1

2πR

∞

∑
n=−∞

e−n2/R2te inφ , 0 6 φ < 2π . (84)
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H isodunamÐa twn (81) kai (84) apodeiknÔetai qrhsimopoi¸ntac
thn epan�jroish Poisson.

I Sthn perÐptws  mac

f̃ (y) =
1

2π
e−y2t+iyφR .

I 'Eqoume ìti

f (x) =
∫ ∞

−∞
dy f̃ (y)e2πixy , x = nR ,

opìte

f (x) =
1

2π

∫ ∞

−∞
dy e−y2t+iy (φR+2πx)

=
1

2π

∫ ∞

−∞
dy e−[y−i(φR+2πx)/(2t)]2te−(φR+2πx)2/(4t) .

I Sto olokl rwma wc proc y jètoume
z = y − i(φR + 2πx)/(2t)∫ ∞

−∞
dz e−z2t =

√
π

t
.
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I Me lÐgh �lgebra apodeiknÔetai telik� h isodunamÐa twn
dÔo enallaktik¸n morf¸n thc lÔshc gia thn jermokrasÐa,
(81), (84), dhlad  ìti

T (φ, t) =
1√
4πt

∞

∑
n=−∞

e−R2(φ−2πn)2/(4t)

=
1

2πR

∞

∑
n=−∞

e−n2/R2te inφ .

I Η 1η έκφραση συγκλίνει γρήγορα για t → 0 ή ισοδύναμα
για R → ∞.

I Η 2η έκφραση συγκλίνει γρήγορα για t → ∞ ή ισοδύναμα
για R → 0.

I Lìgw thc parap�nw idiìtht�c tou, h epan�jroish Poisson
qrhsimopoieÐtai wc teqnik  se polloÔc diaforetikoÔc
tomeÐc, ap' th statistik  fusik  ¸c kai th jewrÐa twn
(uper)qord¸n.
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